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In this talk, | introduce Epsilon Modal logics, a new class of modal logics
structurally analogous to Hilbert's Epsilon Calculus:

® In Epsilon Calculus, epsilon terms pick a witness for their bound
formula, if any;

® |n Epsilon Modal logics, epsilon modalities pick a related world
satisfying their formula index, if any.

EMLs generalize the choice-functional reasoning of Epsilon Calculus at an
intensional level.

| will present some features of EMLs, such as mutual embeddability with
Epsilon Calculus, together with an application to connexive conditionals.
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® Introduction
Review of Epsilon Calculus



Semantics

Hilbert and Bernays (1939) developed Epsilon Calculus in the context of
the foundational project known as Hilbert's Program (Zach, 2020).

Epsilon Calculus eP extends a language for (quantifier-free) predicate logic
Lp to a language L_p with ‘epsilon terms’ ex A and 7x A.

Epsilon terms are interpreted over total choice functions:

Definition
For any f.o. model M = (D, I), the choice function ¢: p(D) — D is s.t.
for any X C D:

(%) = {deX ifX £ 0

d €D otherwise
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® oz A denotes an object satisfying A (if any):
I s(ex A) = ¢p({d | M,0%,¢ I A})
e 71 A denotes an object satisfying A (if any) when all objects do:

Lng(ta A) := ¢({d | M,0$, ¢ A})

Notice that e- and 7-terms always denote, and that for any M, o, ¢:

Iog(cx—A) = Ipp(tx A) and I;4(ex A) =I5 4(T20A)

Truth in a model and validity for eP are defined as follows resp.:

MEA iff YoVp: M,0,¢0IFA
I'Eep C iff VMVoVp:VAeTl': M,0,0lFA = M,0,0IFC
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Referents of e- and 7-terms remain indeterminate in evaluations:

Example
Let M be an eP model s.t. D = {d;,d2,ds} and I(P) = I(Q) = {d1,d2}.

Then, M E Qex Pz, and:
° ¢1({d | M,0%, ¢y IF Px}) = dy for some ¢1;
® ¢o({d | M,0%, ¢sIF Px}) = dy for some ¢o;

The fact that witnesses represented by an epsilon term are arbitrary chose
allows for:

® embedding f.o. quantification (and more) in Epsilon Calculus;

® expressing indefinite descriptions of objects satisfying a certain
property by epsilon terms.
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Axiomatization

A calculus for P is obtained adding the following axioms to
(quantifier-free) Predicate logic:

Crit A(t) — A(ex A(x))
Def C(ex A) «» C(Tx—A)
Ext (A< B)(rz (A <+ B)/x) — (C(ex A) <> C(ex B))

No rule of generalization/eigenvariable conditions needed!

Theorem (Soundness and Completeness of eP)
TkpA iff Thep A
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Conservativity

Epsilon Calculus is conservative over (non-quantified) Lp formulas:
Theorem (1st Epsilon Theorem)
If Fep A and A quantifier- and epsilon-free, then Fp A.

Theorem (2nd Epsilon Theorem)
If Fep A and A epsilon-free, then Fp A.

A formula is epsilon-free iff no e- or T-terms occur in it.

These results do not hold over weaker logic bases, e.g., Intuitionistic
Predicate logic.
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Expressivity

Epsilon Calculus is strictly more expressive than Predicate logic:

® Quantifiers 3 and V are definable over L.p:
dr A Alex A/x) and Vo A : A(tz A/x)
® All definable Skolem functions are representable in L.p:
Vady A(z,y) s Va A(z, f(x)), for f fresh
e Yz Az, ey A(z,y))

| refer to these conservativity, expressivity and arbitrary witness choice
properties as allowing for choice-functional reasoning.
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@® Epsilon Modal Logics



Epsilon Modal logics are a new class of modal logics! accounting for
choice-functional reasoning at an intensional level.

Any EML &M extends a (modal) propositional language Lm to a language
Lem by ‘epsilon modalities’ (A4) and [A].

Epsilon modalities are interpreted over total choice functions again:

Definition
For any Kripke model M based on a frame F = (W, R), the choice
functions ¢: p(W — W) is s.t. for any X C W

weX ifFX#0D
w €W  otherwise

P(X) =

LAFAIK, only Fitting (1972) sketches (4 pages) a similar approach based on Epsilon
Calculus. Chan (1987) develops a comparable axiomatization. Both rely on different
languages and semantics with different expressive power.
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® w satisfies (A) B iff a related world satisfying A (if any) satisfies B:

M,w, ¢k (AB iff wRw'Y and M, w' ¢ I+ B,
for w = p({w' | wRwW' and M, w', ¢ I+ A})

e w satisfies [A]| B iff, if a related world (if any) satisfies A when all
related worlds do, then it satifies B:

Mw, ¢ - [AB iff wRw = M,wl gIF B,
for wl := p({w' | wRW' and M,w', ¢ I A})
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® w satisfies (A)B iff a related world satisfying A (if any) satisfies B:
M,w, ¢k (AB iff wRw'Y and M,w' ¢ I+ B,
for wiA = d({w' | wRw' and M, w', ¢ I A})
ie, wd .= cu (wRw' and M,w' I+ A)

® w satisfies [A] B iff, if a related world (if any) satisfies A when all
related worlds do, then it satifies B:

M, w,¢IF[A]B iff wRwA = M, vl ¢+ B,
for w4l := ¢({w' | wRw' and M,w', ¢ K A})
ie, w = 71w (WRw = M,uw' IF A)

Cf. Leitgeb (2023) for applications of Epsilon Calculus to the metatheory.
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Notice that ¢ always picks a world, and for any model M, w and ¢:

M,w, ¢ - (AB iff M,w,éIF —[-A]-B
M,w, ¢ - [A]B iff M,w,¢IF ~(~A)—~B

Truth at a world and validity for any EML €M are defined as follows resp.:

MwE A iff Yo M,w,élF A
TEm C iff YMVYwVe: VA ET: Mw, - A = M,w,é I C

Since models of any EML €M are obtained defining choice functions over
Kripke models, | will refer to M as the base Modal logic of eM.
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World referents of epsilon modalities remain indeterminate in evaluations:

Example

Let M be an EML model s.t. W = {w, w1, w2}, R = wRwi, wRws,
P,Q € wy and P,Q € ws.

Then, M, w E (P)Q, and:

e )1 ({wRw' | M,w', ¢1 I- P}) = wy for some ¢1;
* do({wRw' | M,w', pa I- P}) = wy for some ¢o;

The fact that the world witnesses represented by an epsilon modality are
arbitrary chosen allows for:

® embedding standard modalities (and more) in EMLs;

® expressing indefinite descriptions of worlds satisfying a certain
property by epsilon modalities.
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Axiomatization

A calculus for the EML €K is obtained by adding the following over (K)
Propositional logic :
wCrit (B)A — (A)A
Def (A)C + —[-A]-C
oDist [A](B o C) «+ ([A]B o [A]C), foro € {A,V,—}
—Dist —[A]B — [A]-B
Ext [A <« B|(A < B) — ([4]C + [B]C)
NEC If F A, then F [A]A

Theorem (Soundness and Completeness of eK)
TExA iff ThA
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Standard modalities {) and [J can be defined as follows:
QA (A)A and UOA:+ [A]A

Example (Axiom K)

Fek [B — Cl(B — C) — ([B]B — [C]C)

EML extensions of well-known K extensions are obtained adding their
(translated) characteristic axioms:
D [A]JA — (A)A 4 [A]A — [[A]A][A]A
T[A]J[A— A 5 (A)A — [(A)A](A)A

Any resulting eM is sound and complete over its respective class of
frames, and conservative over Ly (proof later).
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Some frame conditions based over total choice functions are representable
as well, such as Choice Seriality:

Vw : wRep(X), for X CW
Choice Seriality implies Seriality, and makes epsilon modalities functional:?
F [A]-B « —-[A]B

Axiom F is valid over universal frames (any two worlds relate), and derives
in eK a simplified version of Def:

Fem (A)B «+ [A]B Fem [A]B + (mA)B

2All the logics of Fitting (1972) include axiom F, but no embedding of ¢ and O is
claimed there.
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@® Epsilon Modal Logics
Embedding Properties



Standard Translation

Any formula of a Modal logic M over P-definable frame conditions is
embeddedable in P plus axioms expressing such conditions by the
‘standard translation’ ST indexed by variables:

STx(P) = Px
STz (—A) := —ST,(A)
To(A o B) := ST4(A) o STy(B), foro € {A,V,—}
ST;(QA) = Jy(xRy A ST,(A))
ST.(0A) := Vy(xRy — STy(A))

Theorem (Embedding of K in P)
Fk A iff FpVx STx(A)
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The embedding can be extended to formulas of éM over P plus axioms
expressing frame conditions.

The new translation €ST is indexed by - and 7-terms as well:

sSTt(P) .= Pt
To(mA) = —ST(A)
( o B) := ST,(A) o ST,(B), foro e {A,V,—}
eST:((A)B) := tRt‘ A eST, ) (B), for 'Y := ex (tRx A eST,A)
eSTi([A]B) := tRtA = esT,4(B), for t .= 72 (tRx — ST, A)

Theorem (Embedding of eK in eP)
Fek A iff Fep ST, €ST; (A) (A)
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By definition of ) and [J in EMLs and definition of 3 and V in €P, the
clauses of ST can be recovered:

eSTi((A)A) = tRtA AeST, ) (A), for t*) = cx (tRx A ST, A)
ie., €ST(QA) := Jx (tRx A eSTz(A))

eST;([4]A) := tRt — eST,14(B), for i .= 72 (tRz — ST, A)
ie., €ST;(HA) := Va (tRxz — €ST4(A4))

Therefore, the conservativity of eP over P spreads over the modal case:

Theorem

Any €M over P-definable frame conditions is a conservative extension of
its base Modal logic M.

As a corollary, EMLs are strictly more expressive than their Modal base.
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Modal Translation

Fitting (2002) provides a converse embedding MT of P over AS5, i.e.,
quantifier-free predicate S5 over a language containing \ predicate
abstraction and intensional variables, denoted by i:

MT(P) := OP

MT(=A) := O-MT(A)
MT(A o B) := OMT(A) o MT(B)), foro € {A,V,—}
MT(Jz A) := O(AxMT(A))i, fori fresh
MT(Vz A) := O(AxMT(A))i, fori fresh

The embedding relies on that of Predicate logic over Sb5.

Theorem (Embedding of P in AS5)
Fp A iff FExgs MT(A)
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Fitting's embedding can be simplified and extended to P over eAU, i.e.,,
quantifier-free Predicate Modal logic of Universal frames over a language
containing A and intensional variables:

eMT(P) := [P|P, for P epsilon-free
eMT(P(ex A/x)) = (A(i/z))(AxeMT(P))i, for A epsilon-free, i fresh
eMT(P(tx A/x)

)
)
) = [A(i/z)](Ax eMT(P))i, for A epsilon-free, i fresh
) = —eMT(A)

)

= eMT(A) o eMT(B), foro € {A,V,—}

Theorem (Embedding of P in eAU)
Fep A iff  Fexy eMT(A)
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@® Epsilon Modal Logics

Interpretation



The previous embeddings show how Epsilon Calculus applications can be
reinterpreted in Epsilon Modal logics:

® by ST, indefinite descriptions of worlds are expressible as indefinite
descriptions of objects;

® by MT, indefinite descriptions of objects are expressible as
interpretations at indefinitely described worlds.

This shows that not only choice-functional reasoning can be represented in
EMLs, but that it generalizes at the intensional level.

As an example, consider choice-functional reasoning allowing the
representation of conceptual idealization processes:

® epsilon terms as Hilbert's ideal elements of mathematical properties in
his foundational program;

® epsilon terms as Carnap’s (1961) explicit definitions of theoretical
terms in his reconstruction of scientific theories.
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These accounts can be generalized as well, allowing for defining context of
evaluation satisfying certain theoretical properties:

Example
Monoids structures M are axiomatized as follows:
® VaVyVz (zoy)oz=zo0 (yo2)
® Vxzxoe=eox ==z
Denote the conjunction of the above as Axs(M). Commutative monoids add:

Comm VzVyzoy=yox

EMLs also allow commutative monoids structures to be accounted for as monoids
interpreted in a context witnessing Comm:

(VaVy x oy = y o z)Axs(M)

The above is not equivalent to Axs(M) plus Comm.
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@® Epsilon Modal Logics

Conditionals



Epsilon modalities consist of connectives indexed by formulas. Chellas
(1975) interpreted this kind of modalities as antecedent of conditionals.

In turn, these represent relations over their intensions in Kripke models:

Mwl-A>B iff Vw':wR|A|w/ = M,uw IF B,
for |Al={weW | M,wl- A}

Chellas’ Normal Conditional logic CK coincides with poly-modal K plus a
rule of extensionality:

K (A>(B—>0)— (A>B) = (4> Q)
NEC If A, then - B> A
EA If FA© B, then F(A>C) < (B> C)
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Epsilon modalities of eKF can be represented in a logic CeKF over a class
of Chellas’ frames an embedding CT as follows:

<A>B = —\(A > —|B) [A]B =—-A>B

The frame condition (from Unterhuber and Schurz, 2014) validating the
embedding interprets R as an arbitrary choice function ¢ by the following:

(d) Vwdw': wRxw'
(cem) VwVw'Vw”: (wRxw' and wRxw”) = w' = w"”

(mod) Vw: Vu': (wWRpwxyw' = w' € X) = Vu": (wRyw' = v’ € X)

Theorem (Embedding of eKF in CeKF)
Feke A iff  FcekF CT(A)
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Connexivity

Connexive conditionals (Wansing, 2023) trace back to ideas of Chrysippus,
Aristotle and Boethius among others, and aim at preserving a notion of
content-connection between antecedent and consequent.

Some connexive principles are contra-classical. In their strong
hyperconnexive (Sylvan, 1989) version, they amount to:

AT —(-A > A)
BE (A>B)z2—-(A>-B)
NonSym ¥ (A > B) — (B> A)
NonConjSimp ¥ (AAB) > A

These principles are notoriously difficult to characterize (especially over a

Classical base) and to interpret intuitively (especially without constraints
on valuations).
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A hyperconnexive (non-normal) conditional CEX can be however
represented in CeKF by an embedding XT as follows:3

A>B:= A> (A« B)

This shows that CEX can be axiomatized over Classical logic as follows:

EA If F A« B, then (A>C) < (B> O)
EC If A B, then F(C> A) < (C> B)

WCM (A>T) = (A (BAC)) = (A>B)A(A> ()
CC (AxB)A(A>C)) = (A (BAQ))
ID A A

CEM (A> B)V (A>-B)

CMOD (-A> 1) — (B> (A< B))

WBT (A B) = —(A>—B)

3AFAIK, this is the first hyperconnexive conditional based on Classical logic.
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A hyperconnexive (non-normal) conditional CEX can be however
represented in CeKF by an embedding XT as follows:

A>B:= A> (A« B)

This shows that CEX can be axiomatized over Classical logic as follows:

EA If F A« B, then (A>C) < (B> O)
EC If A B, then F(C> A) < (C> B)

WCM (A>T) = (A>(BAQ)) = ((A>B)A (A C)))*
CC (AxB)A(A> () = (A (BAQ))
ID A A

CEM (A B)V (A>-B)

CMOD (-A> 1) — (B> (A< B))

WBT (A B) — —(A>—B)

*In CEX, modalities are defined as 0A:= A>T and JA:=—-A> L.
Elio La Rosa (MCMP, LMU) Epsilon Modal Logics SLSS 2024 26/28



Notice that any Classical logic including EA, EC, ID and WBT is
trivialized when adding the stronger CM axiom (Weiss, 2019):

CM (A (BAC)) = ((A>B)A (A ()

Surprisingly, CeKF can be gained back by an analogous embedding LT:
A>B :=Ap> (A< B)

As a result, the two conditionals > and > are interdefinable in CeKF and

CEX resp., and the two systems mutually embeddable:

Theorem
® Fcex A iff FcekE XT(A)
® EcoKF A iff Fcex LT(A)
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© Conclusions



| reviewed Epsilon Calculus and characterized a notion of choice-functional
reasoning based on its expressive properties.

Then, | showed how the semantics machinery underlying epsilon terms’
interpretation can be adapted to intensional logics.

The resulting Epsilon Modal logics allow for choice-functional reasoning. |
made the claim more precise by showing that the two systems are mutually
embeddable.

Finally, | showed how EML models can be represented in Chellas’ frames
and how an hyperconnexive conditional based on Classical logic can be
embedded.

The expressive power of EMLs and its possible further extensions and
characterizations, however, have yet to be fully explored.

Elio La Rosa (MCMP, LMU) Epsilon Modal Logics SLSS 2024 28/28



References |

Avigad, J. and Zach, R. (2020). “The Epsilon Calculus.”In Zalta, E. (Eds.), The
Stanford Encyclopedia of Philosophy, Fall 2020.

Carnap, R. (1961). “On the Use of Hilbert's e-Operator in Scientific Theories.” In
Bar-Hillel, Y. et al. (Eds.), Essays in the Foundation of Mathematics, Magnes Press,
Jerusalem, 154-164.

Chan, M. C. (1987). “The Recursive Resolution Method for Modal Logic.” New
Generation Computing 5(2), 155-183.

Chellas, B. (1975). “Basic conditional logic.” Journal of philosophical logic 4(2),
133-153.

Fitting, M. (1972). “e-Calculus Based Axiom Systems for Some Propositional Modal
Logics.” Notre Dame Journal of Formal Logic 13(3), 381-384.

Fitting, M. (2002). “Modal Logics Between Propositional and First-Order.” Journal of
Logic and Computation 12(6), 1017-1026.

Hilbert, D. and Bernays, P. (1939). Grundlagen der Mathematik, 2. Springer, Berlin.



References Il

Leitgeb, H. (2023). “Ramsification and Semantic Indeterminacy.” The Review of
Symbolic Logic 16(3), 900-950.

Sylvan, R. (1989). Bystanders’ Guide to Sociative Logics. Australian National University,
Canberra.

Unterhuber, M. and Schurz, G. (2014). “Completeness and Correspondence in
Chellas—Segerberg Semantics.” Studia Logica 102(4), 891-911.

Wansing, H. (2023). “Connexive Logic.”In Zalta, E. and Nodelman, U. (Eds.), The
Stanford Encyclopedia of Philosophy, Summer 2023.

Weiss, Y. (2019). “Connexive Extensions of Regular Conditional Logic.” Logic and
Logical Philosophy 28(3), 611—627.

Zach, R. (2017). “Semantics and Proof Theory of the Epsilon Calculus.” In Ghosh, S.,
Prasad, S. (Eds.), Indian Conference on Logic and Its Applications, Springer, Berlin,
27-47.

Zach, R. (2020). “Hilbert’s Program.”In Zalta, E. and Nodelman, U. (Eds.), The
Stanford Encyclopedia of Philosophy, Summer 2020.



	Introduction
	Review of Epsilon Calculus

	Epsilon Modal Logics
	Embedding Properties
	Interpretation
	Conditionals

	Conclusions
	References

